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SOLVABILITITY OF A MODEL PROBLEM OF HEAT
AND MASS TRANSFER IN THAWING SNOW

A. A. Papin UDC 532.546

A model problem of the motion of water and air in thawing snow is examined using the Masket—
Leverett equations of two-phase filtration. The theorem of existence of a self-similar solution is
proved.
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Introduction. Various snow cover models are used in the solution of problems of avalanche motion [1],
the contribution of snow cover to watershed runoff [2, 3], and contamination propagation in thawing snow [4, 5].
The problem of heat and mass transfer in thawing snow is important for the prediction of watershed runoff and
contamination propagation.

Mathematical models of thawing snow cover are constructed using the general principles of dynamics of a
multiphase medium [6]. These models necessarily include phase transitions and use the filtrational approximation;
therefore, the basic equations of the model are mass and energy conservation laws and the Darcy law for moving
phases [3, 4]. This approach has been used in studies of thermal two-phase filtration [7], dissociation of hydrates
neighboring ice in natural layers [8], and heat and mass transfer in freezing through and thawing soils [9].

1. Formulation of the Problem. Snow is treated as a porous medium whose solid skeleton consists of
motionless ice particles [3]. During thawing, water and air move jointly in the porous medium. Thawing snow is
a three-phase medium consisting of water (i = 1), air (i = 2), and ice (i = 3). The process is described using
the equation of conservation of mass for each phase [6], the Masket—Leverett equations of two-phase filtration for
water and air [7, 10], and the equation of conservation of energy for thawing snow (ignoring sublimation and mass
exchange between water and air) [3, p. 144]:
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Here ¢ is time, wu; is the velocity of the ith phase, p; is the reduced density related to the true density p{ and
3

volumetric concentration a; by the formula p; = aip? (the condition Z «a; = 1 is a consequence of the definition
i=1

of p;), I; is the rate of mass transfer from the jth to the ith component per unit volume in unit of time, v; =

ms;u; are the filtration velocities of water and air, m is the snow porosity, s; and so are the water and air
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saturations (a1 = msy, aa = msa, and az = 1 —m), Ky is the filtration tensor, ko; are the relative phase
permeailities [ko; = koi(s;) > 0 and koi|s;,—0 = 0], u; is the dynamic viscosity, p; are the phase pressures, p. is the
capillary pressure, g is the acceleration vector due to gravity, 6 is the temperature of the medium (6; = 6, where

i =1,2,31[3,7]), ¢; = const > 0 is the constant-volume heat capacity of the ith phase, v = const > 0 is the
3

specific heat of ice melting, A\; = a. + bcpﬁ is the thermal conductivity of snow, p. = Z p?og, a. = const > 0, and
i=1

be = const > 0 [3, p. 146].

System (1)—(3) is supplemented with the hypotheses us = 0 (the ice particles are motionless, and the
structure of ice as a continuous medium is not specified [3]), I12 = 0, I3 = 0, I31 = I31(f), and p? = pY(6),
i=1,2,3.

The purpose of this work is to construct an exact solution of system (1)—(3) subject to natural boundary
conditions.

2. Simple Solution. We introduce finite values of the temperature 6, 6; and 0+. Let 0 < 0~ < 6, < 6+.
We assume that, for all § € (0, 00), the following relations hold: a3(8) =0 for 6 > 0, a3(0) =1 —m™ —mq(6 —61)
for 1 < 0 < 07, and az(f) = 1 —m™ for < 0;. Here m™ = m(#~) € (0,1) and m; = (1 —m™)/(0F — 6;)
are specified parameters. In addition, it is assumed that the porous medium is homogeneous (Ky = const > 0),
p? = const > 0 (these conditions do not influence the generality of the results) and that, in the coordinate system
2yz, the vector g = (0,0, —¢g) and the functions included in system (1)—(3) depend on z and ¢. Eliminating I3; from
(1), we obtain the system of equations

0 0
ot (ms1p] + p3(1 —m)) + Py (plv1) = 0; (4)
0 0
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For system (4)—(7), we consider the following problem: snow occupies a region (—oo,ct), t > 0. At z = —oo, water
is absent (s; = 0 and v; = 0), air is motionless (vy = 0), and the temperature § = 6~ is specified (lower than the
ice melting point); at z = ct, the velocities of water (v; = v]") and air (ve = vy) and the air pressure (p2 = p™)
are known and the temperature § = 67 is specified (equal to the ice melting point). Assuming that all unknown

functions depend only on the variable £ = z — ¢t (¢ is an unknown constant), from (4)—(7) we obtain
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v; = —Ko Ko (Cfg - ng) P2 — p1 = pe(s1,0), 51+ 83 =1; (10)
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528



The functions s1(€), v;(€), and p;(§) and the constant ¢ are unknown. Problem (8)—(13) is solved as follows.

Integrating Eqgs. (8)—(10), we find the constant ¢ and representations for the filtration velocities and temperature

(see Secs. 2.1 and 2.2). Using these representations and (10), we obtain an equation for the saturation s1(§) (see

Sec. 2.3). The investigation of the solvability of problem for s;(§) is completed by the solution of problem (8)-(13).
2.1. Determination of Filtration Velocities. From Eqgs. (8) and (9) it follows that

Plvr — c(msipd + (1 —m)p3) = Ay = const; (14)
Vs — emsapy = Ag = const. (15)
From (14) and (12), we have A; = —cpJ(1 —m~) and m~ = m(0~), and from (15) and (12), we obtain
Ay = —cpIm~. Considering Eqs. (14) and (15) subject to conditions (13), we obtain the following system of
equations for the unknown parameters ¢, s* (s; = s and sa =1 — s):
vf =c(st = (p3/p) 1 —m7)), vy =c(l—sT—m7),
where m(6%) = 1 and pJ < p?. The solution of this system has the following form:
+
v
1)stT=1-m",c= L <0atov) =0, <O0;
(1= pgpp <0 T
+ Ps vy + +
2)stT=(1-m")"5,c= <0atv] =0,vy <0
P (L=mT)(1 - p8/p)) ' ’
1—m~ 05 (1+ Avy
3) st(\) = ()\—l— 3),0: 2 <0at v <0, v <0, where A = v] /vl > 0.
P )T - ) et 1/

Using Eqgs. (14) and (15), the filtration velocities can be represented as
vy = cms + c(p3/p))(m™ —m), vg =cm(l —s)—cm™. (16)

2.2. Representation for Temperature. From (16), we have

chpl —ca;) = cpY(1 —m)(c; — c3) + Ajcy + Agea,

therefore, relation (11) leads to
0

cpS(c1 — c3) /(1 —m({))d¢ + (Arer + Aaca)d — vpJem — A Zz = const.

0
Using conditions (12), we obtain
do
Ac de =cpY(er — c3)M(0) + (Arer + Aaca)(0 — 07) — vpde(m —m™) = f1(6), (17)
where
0 ( )(9+/2—9 +01/2) My, 020+,
MO)= [@=m(©)dg =8 (1 =m)O—07) (O~ 62)7/2 61 <0< 0%,
0- (I—m™)(@—07), 0 < 0.
For the solution of Eq. (17), the estimate 6(§) > 6~ is valid for all £ € (—00,0). Indeed, let z(§) = 6~ — 6(§) and
20(¢) = max {z,0}. By virtue of conditions (12) and (13), we have 2°|c—p = 0 and 2°|¢—_o = 0. In addition, on
the set {&: 0~ > (&)}, we have the function f1(8) = B(0 — 67), where B = —c(p3(1 —m™)cs + pdm~c2) > 0. In
view of the aforesaid, Eq. (17) leads to the equality

0

1 on2l® 20 g0 / L ove ge

2(z)’_oo—B//\Czd£—B \ (P =o.
-0 £10=>0(¢)

Because A > 0, it follows that 6(§) > 6~ for almost all £&. Therefore, for § € [§~, c0), the functions m(#) and M (0)
can be considered specified, and
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cpS(cr — c3) My + (Arer + Agea)(0 — 07) —wvep§(l —m™),  0(§) > 6T,

cpl(er —e3)[(1=m™)(0 —07) —ma(0 — 61)%/2]
+ (Arer + Azcz)(0 — 07) — vep3ma (0 — 61), 0, < 0(¢) <O,

(cp%(c1 —e3)(1 —m™) + Ajer + Agea) (0 — 67), 0~ <6(¢) < 0.
This function is continuous at the points # = 61 and 0 = 07 f1(07) = 0. We set

f1(0) =

a=cpi(ci —c3)My —vepy(1—m™) — 07 (Ajer + Asca),
b= Ajc; + Agca = —c(p3(1 —m™)ey + pim ™ ca), by = —emyipd(er —¢3)/2,
dy = cp3(c1 —e3)(1 —m™) + Ajey + Agea — vepimy,
ar = (01 —07)(cp3(c1 —c3)(1 —m™) + Ajer + Ascy),

by = cpg(cl — Cg)(l — mf) + Aicy + Ascs.

Then,
a—+ bo, 0>6t,
f1(0) =< b1(0—61)> +di(0 —61) + a1, 61 <0<6T,
ba (0 —07), 0~ <60 <6;.
Let these problems satisfy the conditions
0<pg<pg<p(1)<oo, 0<cy3<er <ep<oo.
From the definition of A;, Ag, ¢, and my, it follows that by = —cplei((1 — m™)es/c1 + m~c3p/(c1p))) > 0,

a; =ba(0 —07)>0,by >0,0>0,d; = by — vepdmy > by > 0; therefore, for § € [§~, 00), the function f(6) is
nonnegative and increases monotonically, in particular, 6(§) € [0—,67].

REMARK 1. According to [11], for real processes, ¢; = 4.18 J/(g-K), ca =29.2 J/(g-K), c3 = 2.04 J/(g- K),
v =6009/18 J/g, p§ = 10% kg/m?, pJ = 1.2928 kg/m3, and pJ = 0.925 - 103 kg/m?.

The solution of problem (12), (13), (17) can be written as

o+ 0
_ ac g _ _ -1
0= o= 5/ ) SPRO) 00 = I W) (15)
For 0 € [01,0"], from (18) we obtain
o+
_ dg _
I(0>—G/bl(c_gl)udl@_al)ﬂl — (0 (6)).
We note that the condition
I//Cl > (1—03/01)(91 —97) (19)

is sufficient to reduce the function fi(#) in the interval [01,07] to the form bi[(0 — 61 + «)? — %], o = dy1/(2b1),
(% = (d? — 4a1b1)/(4b?). Remark 1 implies that v/c; > 60 K and c3/c1 < 1/2 and, for real processes, #; — 0~ <
2v/cq, i.e., condition (19) is satisfied, which leads to

o+
1 d¢ B
10) =, 9/ o1 g = VOO B El0107] (20)

Because 6(€) is monotonic, a point &; exists such that 6(&;) = 6;. Relation (20) leads to the following condition for
determining &1: I(61) = ¥(Ae(&1)).
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For 0 € [0~,04], from (18) we obtain
3
0(E) =0 + (6 —9*)exp(—b2/ \
3

4 ) (21)

<(€)

Thus, for the specified function Ac(s, ), representation (18) and its particular cases (20) and (21) define the
temperature for all £ € (—o0,0).
2.3. Determination of Saturations and Pressure. From (10) and (16), we have

0

P3 _ k01(dp1 0 )

v =cms —c m—m~ ) =—K - p3g),

' P(l)( ) 0#1 dg§ P

ko2 (dpz 0 )
29 )-

vo =cm(l —s) —em™ = —K) -
M2

dg

Eliminating p; and ps from these relations by using the second equation in (10), we obtain

dpe
—ko1ko2 Ko jf = —pvikoz + pavakor + Kokorkoag(p) — p3)-

Following [7], we set pc(s,0) = po(#)y(s) and dy/ds = ' < 0. For s € (—o00,+00), the relative phase
permeabilities ko; are determined as follows: ko; = 0 for s; < 1, ko; = koi(ss, 0)s;" for 0 < s; <1, and ko; = koi(1,0)
for s; > 1. Here n; > 1. It is assumed that a(s) = —y'ko1koz > 0 for s € (0,1) and a(s) =0 for s <0 and s > 1.

Using the temperature equation (17), the equation for the saturation can be written as

ds ( 1 1 1 _
auls) 4y =erear 20 1 gorat femAs = [d(m —m )B = fa(s,6) (22)

Here ¢; =0 for s; <0, ¢; = s for 0 < s; <1, and ¢; =1 for s; > 1,
a = —p1p27, A= fups+fiapr, B=(p3/p)ee + 21, g =g(p] —pd),
o= dpo PR
0 dn’ ' Kokoi

Equation (22) is examined for £ < 0 and the condition s(0) = s* (see conditions 1-3 in Sec. 2.1), i.e., the Cauchy
problem is studied for s(§), and the condition s|¢—_o = 0 should be proved.

To find the pressures p; and ps2, we consider the following equality implied by the Darcy law [the first
equations in (10)]:

i=1,2.

2
Z(ﬂivi —9nlpi) = —(o1 + <p2)(6222 . dpc),

p p1+ 2 d§
We set [7]
= ~ s &) — [ e OO
p(E) = pa(6) ~ polO)b(s), (o) / it
Then,
dp _ _ 1 : 00 (€) — a0l
de = " on(s) + oa(s) [;(uz i(€) — gnlei)
=) 11 (1(519(5) + b1 (5) + pals))) ] = fals0).

(23)
p(0) =pt —po(6T)b(sT).
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Relation (23) implies that
0

M®=p+—mWﬂMfd—/ﬁ®@%WOM4
3

p2(&) = p(&) + po(0)b(s),  p1(&) = pa(&) — pe(s(£),0(8))-

If the functions s(§) and 0(€) are found, the filtration velocities v;(£) and the pressure p;(€) are determined from
formulas (16) and (24).

DEFINITION 1. The weak solution of problem (8)—(13) are the functions 0(¢), s(¢), v;(€), and p;(§) and the
fixed parameter c if:

1) the function #(€) has a continuous derivative and satisfies Eq. (17) and the conditions 0(0) = 61, 0|, _ o =
0~ and 90/0¢|c——oo = 0;

2) the function s(§) has a continuous derivative with weight a(s) and satisfies Eq. (22) and the conditions
5(0) = s and sle_ o = 0;

3) the functions v;(€) satisfy equalities (16) and the conditions v;(0) = v, v;|¢—— oo = 0;

4) the functions p;(€) satisfy equalities (24) and the condition po(0) = p3.

Following [7] (using the notation adopted in that paper), we supplement conditions 1-3 (see Sec. 2.1) and
the constraints on the constants p, ¢;, and v (see Sec. 2.2) with the assumption that the functions fi; (s, ), ko;(s, ),
po(0), v(s), and ao(s) satisfy the following conditions (Q* = [0,1] x [0—,07]):

- = dy(s ao(s
()0 < 5™ < (1als,0), Fouls, 0),po(0),| 1) <00, | _ 0

ds
dry dpo -
b H H ) ’ H ) AGEH 0 ) k AGH] 0 Q* < .
(b) ( dsllcio,)’ Il df llcle—,0+) i s, 0), Ko (s )”C(Q )) =1
Theorem 1. If the conditions (a) and (b) and the condition s* € (0,1] are satisfied, at least one weak
solution of problem (8)—(13) exists. This solution (in addition to the definition) has the properties
3 (1+ Nvy
0<s(€) <1, 6 <6 <o, c= <0.
(1 =m=)(1 = p§/n})

(24)

s=

A point &, € (—00,&1] ewmist such that s(€) =0 for all § < &,.
To prove the theorem, it is sufficient to establish the solvability [see the definition of the weak solution for
s(€) and () of the problem]

ds o fi(0)
= 9 =

ae = PO e = s,y
and to show that s(¢) = 0 for &€ < .. Then, all the conditions included in the definition of the weak solution of
problem (8)—(13) will be satisfied.

Let € € (0,1) and a.(s) = ag(s) + ¢ > 0. For £ < 0, instead of (25) we consider the problem
ds® dee 0°
i :f2(86796)7 = fl( ) )
dg dg  Ac(s%,09)
The local solvability of problem (26) for each ¢ > 0 follows from the well-known results [12, p. 21]. We obtain
estimates of s°(§) and 0°(§) which are uniform in e. [We note that the results obtained in Sec. 2.2 for (&) are valid
for 6°(¢).]

The following statement specifies the properties of the functions A and B included in the right side of
Eq. (22).

Lemma 1. Ifny >1,no>1, a>0, and 0 <z <1, then

ao(s) £<0, s(0)=s", 0(0)=06" (25)

a(s%) s5(0) =5, 6(0)=0". (26)

min (1,a,7,) < 7m(z) = az™ + (1 —x)" <max (1, a),

where 7, = a(l + B)"™/H 4+ g2 (1 + B)™" for p < 1 and 7, = a(l + B)7™ + B2(1 + B)""2H for p > 1;
p=(n —1)/(nz =1); B = (ma/ny)"/ "1

Proof. We have 7(1) = a, 7(0) = 1, and 7’ = ani(n; — 1)z™ 2 + na(ny — 1)(1 — 2)™72 > 0, ie.,
at the local minimum point z,., we have z, + % = 1. It is clear that =, € (0,1). Moreover, if ;4 = 1, then
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7. =1/(1+ ). For p < 1, we have 7, (1+ ) <1 and 1 <2k (1+ ), ie., (1+8)"! <ok < (1+B)7*. For u>1,
we have 2k (1 + 3) <1 and 1 < z.(1 + 3), ie., (1 +6)7* <2k < (1+ B)~L. Therefore, (x,) = ax? + f2zi?!,
e, m(zy) = a(l+B)™™ + 4" (1+ B)™™ for p = 1, m(we) > ol + B)~"™/H 4 gn2(1 + )" for u < 1, and
m(xy) > a(l+F8)"™ + "2 (1 4 )~ ™# for p > 1, which completes the proof.

Lemma 2. If s°(€) is a solution of problem (26) and s € [0,1], then 0 < s°(£) < 1.

Proof. From (26) we obtain

ds® R

e Rs® = —Q,

where

1 _p1(s°) e1(s%)  fi,,
R= ( A +),
Do lelmA+g " T2t T T2y \ (o)

1

o

Q= (llm—m)B+ prpwy 1 0)°),

()" =max (0,pp),  (p)” = —min(0,pp),  po= (P)" — (o)~
By virtue of Lemma 1, we have A > 0 and B > 0 and, hence, R > 0 and @ > 0. Therefore,

x

0 1
s°(8) = (5" Q@) exp ( — [ R(¢)d()dx ) ex R(¢)d¢) = 0.
(++ f e~ [ noa)ar)on( [ 0

0

For the function 1 — s°(&), from (26) we obtain

W02 )=
where
R, = Do (|c|mA + 9102_(5;) o1 i (P())i) >0,
Q1 = polas [|C|(mﬂ1802 (1 - Z%) + me) + gp1p2 + prpay f\ci (pﬁ)ﬂ > 0.
Then,
0 x 9
1-5%() = (15" Q1(z) — [ Ra(Q)dC)d Ri(¢)d¢) = 0,
S ( s+£/ 1a:exp<0/1 )m)exp(o/l )

which completes the proof.
SE

We set v° = /as(C) d¢. Then, dv/ds® = ap(s®) + & > 0 and s° = s(v°). We consider the problem

0
dv® o e dos — f1(0°)
ag R e sy ey £SO
" (27)
v = [aic=. 0w

0
By virtue of the properties of fi1, fi2, and pg and Lemma 2, the functions fo and f1/A. are continuous in the variables
&, s°, and 0° and are uniformly bounded in €. Therefore, the solution of problem (27) exists and can be extended
to any finite interval [12, p. 24]. In particular, for any point £ € [£1,0], we have |dv®/d¢| < C(vo,n1,n2,9,).
Thus, the family of functions {v°(§)} is equivalently continuous and is uniformly bounded for all £ € [¢1,0]. The
same property for {6°(£)} follows from the second equation in (27), and for {s°(&)}, it follows from the inequality
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[s5(&1) — s°(&)] < 47aK|ve(&1) — v°(&2)| obtained in [7, p. 95] for ag(s) > K(s(1 — s))*, s = const > 0, and
K = const > 0.

By virtue of Arzela’s theorem, from the sequences {v°(§)}, {s°(€)}, and {6°()}, it is possible to choose
subsequences that converge uniformly to v(£), s(¢), and (). Because of the continuity of fa(s, ) and f1(0)/ (s, ),
in the equalities

) %

it is possible to pass to the limit as ¢ — +0. Thus, the limiting functions satisfy the corresponding integral equations,
i.e., they are a solution of problem (25).

The function s(€) is continuous in the interval [£1, 0], and, hence, a value s' = 5(£;) € [0, 1] exists. Therefore,
one can consider the problem

0 0
ot =0 = [ QK ot - = [ M
¢ §

ds g f1(0) 3 -
CL()(S) dé— _fQ(SvH)? dé— - )\0(579)’ §<€1a 5(51)_5 ) 0(51)_915 (28)
where
/ 1 1
f2 = prp2y Po /1 +  gprp2+  |cm” As.
Do Ae Do Do

REMARK 2. The following statement is valid: if s* > 0, then s(§) > 0 at any internal point of the interval
[61,0]. To prove this, we consider system (26) in the interval I, = [¢;,0], where & = & + 7 (7 > 0 is a small
number). In this interval,

1
min ( le|(m — m_)B) =B;>0
€€l \po

by virtue of the definition of m(#) and the monotonicity of #(§). Then, on the set As = {£ € I,,s° < §}, the
function

1 fi _ 1 1
_ € 0°)> B, — ( ( / A)) > B,
fa(s%,0°) > 5&35 o P1927|po] o, Tovre2 o+ lelmA) ) =
for 0 < § < §p, where

6—1B{ma(1(<p<p |'|‘1+’g0<p1+|c|mA)> 1}
= - X .
07 9 gel- \pg 1¥271Po 5A¢ ghLe2 o

We consider the function 2°(¢) = max {§ — s°,0}, where § < min (s*,dp). We have 2°(0) = 0. Multiplying the first
equation in (26) by 2°(¢)/a. and integrating the resulting equality over & from & € I, to zero, we obtain

0
)
(3(&))” — 2 / Z(f d¢ = 0.
&o

From this it follows that 2°(¢) = 0; therefore, s(£) > § for all £ € I, and for any ¢ > 0. For £ — 0, we obtain a
similar inequality for s(¢).

Lemma 3. Let s(§) be a solution of problem (28) and let the condition ¢1(s)y(s)/s < vy (s € [0,1]) be
satisfied. Then, a point &, < & exists such that s(§) =0 for all £ < &.. If st =0 and p1(s)y(s)/s| =0, we have

& =& .
Proof. Relation (28) implies that

ZZ 4+ Dy(5,0) = Dy(s,0), u= 0/ “OC(O dc. (29)
Here
_ 901(5) /Ny — fi o -
Da(s,0) = = " p27(po) oA fi=b(0—07) >0,
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1 - _¥1 e1(s) It 1
Dz(sﬁ)—po(lclm A+g P2t ©27(Po) Ac)'

According to Lemma 1, we have

Ds(s,0) > |em™ A mien (fi1/po) min (1, e, 7,) = DY > 0.

Here a = mien fi1/fie > 0, where 6 € [#~,0%] and s € [0, 1]. Using representation (21) for the function 6(¢) € [0, 61],

we obtain
&1
0 1 J—
Dl < DYexp (=, (- 9)), IDi(Old¢ <, DY,
Ad Ad
13
where

1 _ 1 p1(s) _ 1 _
0 _ . / < . 3
DY = b0 =0 ymax (7T o)) <\ bal0r 07008,

Ao = ac+be(pym™)?, A = ac +be(pim™ + p3(1 —m™))%
Integration of Eq. (29) over & from any value £ to & yields

u(s(€1)) + DY/AS = Dh(& =€) + u(s(6))- (30)

Here u(s(&1)) = 0 for s(&§1) = 0 and u(s(&1)) < / CLOC(C) d¢ for s(&1) > 0. The last integral converges by virtue of

0
the assumptions of Lemma 3; therefore, u(s(§)) < 0 for all £ < &,, where &, satisfies the condition
1
1 ao()
Dje. = D — ., D - [ "
0

Then, the definition of u(s) implies that u(s(£)) =0 for & < ¢&,.

Let s(&1) = 0 and ¢1(s)y(s)/s]s=0 = 0 [in this case, s(§) = 0 satisfies the first equation in (28)]. If s(§) is
a solution of (28), then, by virtue of Lemma 2 the functions u(§) and s(§) are continuous in . We consider a
small vicinity of the point &, assuming that, at the point £ = & — 6§, § > 0, the inequality s(£) > 0 holds. For
€ €& — 0,&], from Eq. (29) we obtain

f;g > Dj — min ((pé)_ pf;c) %S(S) P2y > ; D3
due to the appropriate choice of §. Then, 0 = u(s(&1)) > DS6/2 + u(s(€)), i.e., u(s(€)) < 0 and, hence, s(¢) = 0.
Repeating this process, in the kth step, we obtain s(¢;) = 0, & = & — kd, where k > 1. Reaching the value k for
which the inequality DY < A\.DS§kd is valid we use (30) and obtain s(&) = 0 and & € (—o0,&]. Lemma 3 is proved.
In view of Lemma 3, problem (28) is considered similarly to problem (25).
Thus, functions s(§) and 6(§) exists that satisfy the definition of the weak solution of problem (8)—(13).
Theorem 1 is proved.
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